Abstract. We investigate the structure of geometrically ruled surfaces whose anticanonical class is big. As an application we show that the Picard group of a normal projective surface whose anti-canonical class is nef and big is a free abelian group of finite rank.
Introduction
Let X be a smooth projective surface over a field k whose anti-canonical divisor −K X is big. Although the classification of such surfaces is completely understood if −K X is also nef, the question becomes much harder if we drop the nefness from the assumption. If X is rational, then it is known to be a Mori dream space as is shown in [TVAV11, Theorem 1]. They also gave a kind of structure theorem for such surfaces [TVAV11, Theorem 2].
Let us consider the case when X is not rational. Since the Kodaira dimension of X is −∞, X is obtained by repeatedly blowing up a geometrically ruled surface, whose anti-canonical line bundle is easily seen to be big. In the first part of this paper, we study the structure of geometrically ruled surfaces whose anti-canonical divisor is big. We will show the following theorem. Theorem 1.1 (=Theorem 3.4). Let C be a smooth projective curve of genus g ≥ 1 and E be an unstable vector bundle of rank 2 on C. Set X := P C (E). Then −K X is big if and only if E ≃ L⊕M for some line bundles L and M on C such that deg L−deg M > 2g −2. Corollary 1.4.
(1) Suppose either char(k) = 0 or g = 1. Then −K X is big if and only if E ≃ L ⊕ M for some line bundles L and M on C such that deg L − deg M > 2g − 2. (2) Suppose that char(k) > 0 and g > 1. If −K X is big, then there exists e ≥ 0 such that (
where F is the Frobenius map of C.
The second aim of this paper is to show the following version of the base point free theorem as an application of Corollary 1.4. Theorem 1.5 (=Corollary 4.7). Let X be a normal projective surface over a field k such that −(K X + ∆) is a nef and big R-Cartier divisor for some R-divisor ∆ such that ⌊∆⌋ = 0. Then Pic(X) is a free abelian group of finite rank.
The base point free theorem on surfaces in positive characteristics is shown in [Tan15, Theorem 3 .2] for numerically non-trivial nef divisors. Theorem 1.5 is nothing but the base point free theorem for numerically trivial divisors, and it is shown in [Tan15, Corollary 3.6] under the assumption that X admits only rational singularities. In this case the surface X is necessarily Q-factorial, so that one can use the minimal model theory. A typical example which is not covered is the cone over a non-singular plane cubic curve, but by Theorem 1.5, the base point theorem for surfaces is completely settled.
In fact, however, Theorem 1.5 for the case when X admits a non-rational singularity is covered by [Sch01, Theorem 2.2 (iii)]. Hence, as discussed in Section 4.2 below, we can also show Theorem 1.5 by combining these results.
It is interesting to observe what happens if we allow ∆ to take coefficients 1. If we assume that − (K X + ∆) is ample, then our proof based on Corollary 1.4 works equally well. However, the assertion of Theorem 1.5 does not necessarily hold when − (K X + ∆) is assumed to be only nef and big (see Example 4.10). In Section 4.3 we investigate when the assertion of Theorem 1.5 fails, by closely examining the proof of Corollary 4.7. For example, it is shown that X needs to be birationally equivalent to the product of P 1 and a curve of genus one for the failure.
In the last section, we construct some examples of non-minimal ruled surfaces with big anti-canonical divisor by blowing-up geometrically ruled surfaces along certain configurations of points.
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Notation and conventions. The ground field, which will be assumed to be algebraically closed of arbitrary characteristic unless otherwise stated, will be denoted by k. A curve (respectively, surface) is a projective and geometrically integral scheme over k of dimension one (resp. two). For a vector bundle(=locally free sheaf) E on a scheme C, the associated projective bundle will be defined as P C (E) = Proj C (Sym E). An R-Cartier divisor D on a projective scheme is said to be nef (respectively big) if the intersection number with any integral curve is non-negative (resp. if there is a positive constant c ∈ R >0 such that dim k H 0 (⌊kD⌋) > ck 2 holds for any sufficiently large integer k). We will use the shorthand notation hom = dim Hom,
Stability of vector bundles on curves
We prove some facts about stability of bundles on curves. Throughout this section C is a smooth projective curve, E is a vector bundle of rank r on it, and π : X := P C (E) → C is the projective bundle associated to E. Definition 2.1. The slope of E is defined by
E is said to be semi-stable (respectively, stable) if for any subsheaf 0 V E the inequality
holds. E is strongly semi-stable if the vector bundle
over C is semi-stable for all r ≥ 0, where F : C → C is the Frobenius morphism.
Note that if char(k) = 0, there is no difference between semi-stability and strong semi-stability. Proposition 2.2.
(1) If E is strongly semi-stable, the n-th symmetric power S n (E) is also strongly semi-stable.
(2) Assume g(C) ≤ 1. Then E is semi-stable if and only if it is strongly semi-stable. Proposition 2.4. Suppose g(C) ≥ 2 and H 0 (X, O X (−mK X )) = 0 for some positive integer m. Then E is not strongly semi-stable.
Proof. Recall that the canonical sheaf of X admits the following isomorphism.
Hence a non-zero global section of O X (−mK X ) corresponds to a non-trivial morphism
whose adjoint is a non-trivial morphism
which necessarily is an injective morphism. On the other hand, by Lemma 2.5 below, the slopes of these two bundles are m(2g − 2 + deg E) and m(deg E), respectively. Hence S rm (E) is unstable. By Proposition 2.2 (1), we see that E is not strongly semi-stable.
Lemma 2.5. The n-th symmetric power S n (E) is a vector bundle of rank
Proof. This is well known.
We next discuss the case when g(C) = 1.
Proposition 2.6. Suppose g (C) = 1. If −K X is big, then E is not strongly semi-stable.
Proof. It is sufficient to show that S rm (E) is unstable for some m by Proposition 2.2. We will assume that S rm (E) is semi-stable for any m and show that −K X is not big. Note that there exists the isomorphism
where L = (∧ r E) −m . This implies that it is enough to show the convergence
be a Jordan-Hölder filtration of S rm (E) ⊗ L, so that for each i there is an exact sequence
such that gr i is stable of slope µ(
. Let ξ ∈ Ext 1 (gr i , F i−1 ) be the extension class of (2.7), and consider the affine line
Then we can construct the tautological vector bundle E on C × B satisfying [LP97, Section (7. 3)]). Let p 2 be the natural projection from C × B to B. Then by taking a general t ∈ B, we obtain the following inequality
by the upper semicontinuity theorem (see [Mum08, Section 5 COROLLARY 1]). This inequality holds for all i, and we have
, we obtain the inequality
Thus we proved lim
Remark 2.7. E is in fact unstable because of Proposition 2.2.
Proof. This follows from Proposition 2.4 and Proposition 2.6.
Geometrically ruled surface with big anti-canonical line bundle
In the rest of this paper, let C be a smooth projective curve of genus g ≥ 1 and E be a vector bundle on C of rank r unless otherwise stated. Let π : X = P C (E) → C be the projective bundle associated to E. In this section we investigate the question when −K X is a big line bundle.
First we consider vector bundles which are isomorphic to direct sums of line bundles.
Proof. Note first that
where
Assume (3.1). We may assume deg L i ≥ 0 without loss generality by replacing L i with L i ⊗ L r . Take a sufficiently small rational number δ > 0 such that
Hence −K X is big.
We next show the converse of Proposition 3.1
Proposition 3.2. Under the same assumption of Proposition 3.1, −K X is not big if
We obtain the following theorem by combining Proposition 3.1 with Proposition 3.2.
Corollary 3.3. Under the assumptions of Proposition 3.1, −K X is big if and only if
Let r = 2 and consider an exact sequence of vector bundles on C as follows, where L and M are both line bundles.
. Below is the main theorem of this section.
Theorem 3.4. Let E be an unstable vector bundle of rank 2 on C. Then −K X is big if and only if there are line bundles L and
Proof. The 'if' direction is already shown in Corollary 3.3. To show the 'only if' direction, assume that −K X is big. We then obtain an exact sequence (3.6) such that deg L > deg M as the Harder-Narasimhan filtration of E. Let ξ ∈ Ext 1 (M, L) be the corresponding extension class and set B := kξ ≃ A 1 . Then we have a rank 2 vector bundle E on C × B such that
Consider the following diagram.
where O X (K X ) is the canonical sheaf of X . By using the upper semicontinuity theorem [Mum08, 2.5 COROLLARY 1] we obtain the inequality
for any m > 0 and general t ∈ B. Hence we obtain the inequality
for any m > 0, so that the bigness of −K X implies that of −K P C (L⊕M ) . Thus we obtain the inequality deg L − deg M > 2g − 2 from Corollary 3.3. This in fact implies that (3.6) is a trivial extension, since
For the last equality, use deg (
Remark 3.5. In fact Theorem 3.4 and Corollary 2.8 are special cases of [Nak04, Chapter IV. 3.7. Lemma]. Let π : X := P C (E) → C be the projective bundle. Consider the Harder-Narasimhan filtration of E Remark 3.6. If the rank of an unstable vector bundle E is at least three, the bigness of −K X does not necessarily imply that E is isomorphic to a direct sum of semi-stable vector bundles. To give such an example, let g ≥ 2, L be a line bundle of degree g on C such that h 0 (C, ω C ⊗ L −1 ) > 0, and
Note that E ′ is semi-stable. Let E be the extension of E ′ by L given by a non-trivial element of
By the same arguments in Remark 3.5, we see that −K P C (E) is big. To see that E does not admit a decomposition into semi-stable vector bundles, one can use the uniqueness of the Harder-Narasimhan filtration. Note that if g = 1, there are no such examples (see [BBDG06, Theorem 10]).
Corollary 3.7. Let E be a vector bundle of rank 2 on C. If −K X is big, there exists an integer e ≥ 0 such that the Frobenius pull-back (F e ) * E is isomorphic to a direct sum of line bundles
Proof. By Corollary 2.8, we see that E is not strongly semi-stable. Hence there exists a positive integer e ≥ 1 such that the Frobenius pull-back E ′ := (F e ) * E is unstable. Set f := F e , Y ′ := P C (E ′ ), and name the morphisms as in Figure 4 .1 below. By applying the exact functor − ⊗ C π * O Y (−mK Y ) to the injective homomorphism O C ֒→ f * O C and then taking H 0 , we obtain the inequality
On the other hand, for each integer m > 0 we have
for any sufficiently large m. By the similar arguments as above, we obtain the following inequality.
Thus we see that −K Y ′ is big, and the claim now follows from Theorem 3.4.
Numerically trivial line bundles on normal surface with nef and big anti-canonical bundle
In this section we prove that a numerically trivial line bundle on a normal projective surface with nef and big anti-canonical divisor is trivial. This is a result which is proved for some partial cases in the preceding works [Tan14, Tan15] . In fact we give two different proofs. In the first subsection, we give a proof as an application of our results obtained so far. The point is that the minimal model (in the classical sense) of the minimal resolution has big anti-canonical line bundle, so that we can apply our results to it. In the second subsection, we give a proof by combining known results.
Proof via Corollary 3.7.
Theorem 4.1. Let X be a normal projective surface such that −(K X + ∆) is a nef and big R-Cartier divisor, where ∆ is an R-divisor satisfying ⌊∆⌋ = 0. Then there exists a positive integer m > 0 which depends only on X such that any numerically trivial line bundle L on X satisfies L ⊗m ≃ O X .
Proof. If X is rational, the assertion is obvious. Suppose otherwise. Let ϕ : X → X be the minimal resolution of X and set ∆ ′ := ϕ −1 * ∆. Then we have the canonical bundle formula as follows.
Since a i ≤ 0 (see [KM98, Corollary 4 .3]) and −(K X + ∆) is big, so is −K X . Let ε : X → Y be a composition of contractions of (−1)-curves such that Y is a geometrically ruled surface P C (E) with g(C) ≥ 1 (recall that X is assumed to be nonrational). Consider the canonical bundle formula
with respect to ε, where F is an effective ε-exceptional divisor on X. Since −K X is big, so is −K Y . By Corollary 3.3, the pull-back E ′ := f * E, where f = F e is some iteration of the Frobenius morphism, is isomorphic to a direct sum of line bundles
Let s be the section of π ′ corresponding to the natural projection E ′ → M ′ . Let C ⊂ Y be the closed subscheme f (s(C)) ⊂ Y equipped with the reduced structure, and C be the strict transform of C in X. These varieties and morphisms form the diagram Figure 4 .2.
Proof. It is easy to see that f
it follows from this inequality and (4.4) that (
where 0 ≤ α < 1. Then since g( C) ≥ 1 and C 2 < 0, we have
Consider the following equality obtained from (4.1).
If C is not contracted by ϕ, then the second term of the right hand side is ≤ 0 since a i ≤ 0 and C = E i for all i. This contradicts Claim 4.2. Hence C must be contracted to a point by ϕ. Now we prove the theorem. Let L be a numerically trivial line bundle on X. There exists a numerically trivial line bundle
is a normalization of C as well. These morphisms form the diagram Figure 4 .2, where α is the natural morphism induced by the universal property of the normalization. Then we have
Therefore we can take m := deg f when char (k) > 0, and m := 1 otherwise.
We will use [Sch01, Lemma 2.1] in the proof of Theorem 1.5 below. Lemma 4.5. Suppose −(K X + ∆) is big for some effective R-divisor ∆. Then nK X is not effective for all n > 0.
′ ≥ 0 for some integer n > 0 and an effective R-divisor D ′ = 0. Summing up, we see that the non-zero effective R-divisor D + D ′ + n∆ is a principal R-divisor. This contradicts the fact that an effective principal R-divisor on a k-scheme X such that H 0 (X, O X ) = k is never effective unless it is trivial.
We now generalize Corollary 4.4 to arbitrary fields. In the rest of this section, let k be not necessarily algebraically closed and X be a projective, geometrically integral, and geometrically normal surface over k. Let k be an algebraic closure of k, and
be the natural projection. For a coherent sheaf F ∈ coh X, we use the shorthand notation F := π * F . Then by the standard descent theory we have a canonical isomorphism
In particular, X has at worst rational singularities if and only if X does. Furthermore, note that if L is a nef and big line bundle, then so is π * L.
Lemma 4.6. Let k and X be as above. Let ∆ be as in Theorem 4.1 and assume that any irreducible component of ∆ is geometrically reduced. Then the R-divisor ∆ = π * ∆ on X also satisfies ⌊∆⌋ = 0 and −(K X + ∆) is nef and big.
Since each D i is geometrically reduced and ⌊∆⌋ = 0, we have ⌊∆⌋ = 0. Then we only have to show that −π * (K X + ∆) = −(K X + ∆), but we can check this by restricting everything over the smooth locus of X. Now we are ready to prove Theorem 1.5.
Corollary 4.7. Under the same assumption of Lemma 4.6, Pic(X) is a free abelian group of finite rank.
Proof. Note that the natural homomorphism π * : Pic(X) → Pic(X) is injective. In fact, if
Hence we may assume that k =k by Lemma 4.6, and this is done in Corollary 4.4 4.2. Proof via combination of known results. We show the Corollary 4.7 by combining the following two known results.
Proposition 4.8. Under the same assumption of Lemma 4.6, we also assume that X has at worst rational singularities. Then X is a rational surface. In particular, Pic(X) is a free abelian group of finite rank.
Proof. Apply [Tan15, Theorem 3.5] and [Tan15, Corollary 3.6] to (X, ∆). Then the injectivity of π * in the proof of Corollary 4.7 implies the second part.
Proposition 4.9. Let k and X be as Lemma 4.6. Assume X has non-rational singularities and nK X is not effective for all n > 0. Then Pic(X) is a free abelian group of finite rank. In particular if −(K X + ∆) is big for some effective R-divisor ∆ and X has non-rational singularities, Pic(X) is a free abelian group of finite rank.
Proof. The first part follows from [Sch01, Theorem 2.2] and the injectivity of π * since K X ≃ π * K X . Then the second part follows from Lemma 4.5. In fact Example 4.10 is typical in the following sense. Assume that Pic(X) is not a free abelian group of finite rank. Then by closely examining the proof of Theorem 4.1, especially the computation (4.6), we can check that the following properties have to be satisfied.
• g(C) = 1.
• α = 1.
• C ∩ Supp R = ∅. Furthermore it follows from Proposition 4.9 that X has at worst rational singularities. It would be interesting to classify these exceptional cases.
Example 4.10. Let X be the projective cone over a smooth plane cubic curve C defined by an equation F (x, y, z) ∈ k[x, y, z]. Since X is the singular hypersurface of P 3 x,y,z,w defined by F , we obtain −K X = O X (1) by the adjunction formula [Har77, Chapter II, Theorem 7.11]. As is well known, there is a birational contraction
which contracts the section E ⊂ X of π corresponding to the quotient map O C ⊕O C (1) → O C to the vertex of X. By using the structure morphism π : X → C, we obtain
Hence the Picard scheme of X is smooth of dimension one, so that X admits a numerically trivial but non-trivial line bundle.
On the other hand, by applying the adjunction formula to the embedding E ֒→ X, one can easily verify the equality −(K X + E) = −ε * K X . Note that the right hand side is nef and big, since −K X = O X (1) is (very) ample. Hence the pair ( X, E) is an example which does not satisfy the assertion of Theorem 4.1.
Some examples of ruled surfaces whose anti-canonical sheaf is big
In this section we construct some examples of (not necessarily geometrically) ruled surfaces whose anti-canonical sheaf is big. Note that such a surface is obtained from a geometrically ruled surface (i.e. a minimal model in the classical sense) with big anticanonical bundle by repeatedly blowing up smooth points. The examples below indicate that there are quite a few examples of such surfaces. This is comparable to the case of big rational surfaces [TVAV11] .
We first give a bigness criterion for line bundles on geometrically ruled surfaces which is associated to decomposable rank two vector bundles.
Proposition 5.1. Let L be a line bundle on C with deg L ≥ 0. Consider E := L ⊕ O C and let π : X := P C (E) → C be the canonical projection. For a line bundle L C on C, the line bundle O X (n) ⊗ π * L C on X is big if and only if n > 0 and n deg L + deg L C > 0.
Proof. This is proved by almost the same argument in the proof of Corollary 3.3 or Remark 3.5. As we discussed in Remark 3.5, this is a special case of [Nak04, Chapter IV. 3.7. Lemma].
Below is an immediate corollary of Proposition 5.1. Let f : X → X be the blow-up of X at a finite set of points which is contained in the support of an effective divisor D. If −K X − D is big, −K X is also big. In fact, the second term of the right hand side of the following equation is effective, and the first term is big.
Furthermore, by the same argument, we can see that the bigness of the anti-canonical divisor is preserved under the successive blow-ups centered at points in the strict transforms of D. Thanks to this observation, we obtain the following examples.
Example 5.3. Let L, X be as in Proposition 5.1, and assume moreover deg L > 2g − 1. Set k := deg L − (2g − 1) and choose distinct fibers F 1 , . . . , F k of the morphism π. Let S ⊂ k F k be a finite subset and let f : X → X be the blow-up of X along S. Then −K X is big. This follows from the bigness of −K X − i F i and Corollary 5.2. Moreover, the anti-canonical divisor is still big whenever we blow up at points in the strict transform of k F k .
Example 5.4. Suppose g(C) = 1 and deg L = 1. Let D be an effective divisor corresponding to a global section of O X (1) ⊗ π * L −1 (consider the case when it exists). Then −K X − D is big by Corollary 5.2, so that for the blow-up X of X in a finite set of points on D the anti-canonical sheaf −K X is always big.
